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Abstract

In this paper we describe a modified
analytical model for thermoelectric gene-
rators (TEG). The model includes the
Peltier heat, a parameterization of the Joule
heat, as well as all thermal and electrical
resistances. Geometry optimization and
investigations of the influence of Peltier
heat and the heat sink conditions, which
affect the power output, is presented. The
results are compared with measurements of
commercially available thermo-electric
generators and the fundamental thermo-
dynamic limit. A comparison between the
generators is performed.

Introduction

TEGs convert heat energy into electrical
power, where charge carriers serve as the
working fluid. TEGs have many attractive
features, like no moving parts, little
maintenance, and can be designed in a
number of shapes for many specific
applications. TEGs can be used to power
autonomous sensors and play an important
part for energy harvesting systems. To use
the provided heat energy in the best way,
the determination of the optimal thermo-
electric-system geometry, as well as an
appropriate thermoelectric material selec-
tion, is of particular interest. To that end, a
sophisticated generator model, relating the
power output to the system parameters is
necessary. Furthermore, such a model
improves the predictive power of conver-
tible heat energy, which is one of the major
drawbacks in designing energy harvesting
systems powered by heat energy.

TEG Model Calculation

The basic physical effects taking place in
a TEG (Figure 1) are thermal conduction,
the Seebeck, Peltier, Thompson and Joule-
effect. Neglecting temperature dependences
of all physical properties, according to the
Thomson effect, the basic TEG equations
can be written as follows [1]:
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FIGURE 1: Thermoelectric generator. 1: thermal
resistance of wafer and contact to the heat source;
2: conducting strip; 3: thermo legs; 4: thermal
resistance of wafer and cooler and contact to the heat
sink.

Up describes the TEG voltage, a the
Seebeck coefficient, m the number of
thermocouples, AT,=Ty-T. the temperature
difference at the thermo-couples, R; the
load resistance, I the electric current, q, and
qc the heat flux between the electrical
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junctions and the heat source and heat sink.
K, is the thermal resistance of the
thermocouples, K; and K are the thermal
resistances between the thermocouples and
the heat source, heat sink, respectively. The
inner resistance R, is the sum of the
resistance R of the thermocouples and the
contact resistances Rq, and R at the hot-
and cold side [1]. Introducing the parameter
€
1R+Rn
e=—2 ®)
R+R_+R,
equation (5) and (6) can be rewritten in the
following way:
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The temperature difference AT, dropped at
the thermo couples is affected by the
thermal resistances, the Peltier effect and
the Joule heat, which is smaller than
AT=T;-Ty, the temperature difference
applied to the TEG. The relationship
between AT, and AT is shown in the
following equation:

AT =AT,+K g, +K,q, (11)
Combining equation (1,2, 9-11), qn and qc
become:
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Inserting equation (12) and (13) into
equation (11) yields a cubic equation for
AT, which can be solved analytically [2].
The final result is:
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The thermal (electrical) resistance K, (Ry)

can be expressed as:
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where A, (A;) is the cross sectional area of
the n-leg (p-leg), A and p; are the
corresponding thermal and electrical re-
sistivities, and r. (rch) is the electrical con-
tact resistance per junction.
The result is similar to the calculation in
[3]. The authors chose e=1/2 and R=R, for
load matching, which will be modified in

the following section.

Simplification
The result for AT, in equation (16-23) is
complicated. To simplify, we perform a
Taylor expansion about (ma)’K AT/(R+R,)
of equation (12) and (13). Neglecting all
terms corresponding to O(Ang) and higher
we obtain:
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Inserting equation (26) and (27) into (11),

the temperature difference AT, and P, can

be expressed in the following way:
AT
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! The choice e=1/2 often leads to the wrong statement, that half of
the Joule heat flows back to the heat source. Instead, due to the
flow of an electric current accompanied by Joule heat, the
temperature gradient at the heat source in the thermo couples
reduces by half of the Joule heat.
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where we introduced the effective inner

- fF
resistance R, :

R =R +T0(x+y)—Kg (30)
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Load Matching
To find the load impedance R; which
enables the TEG to operate at maximal
output power, the equation

iP:mt = 0 (3 1)
de RI :Rmax

has to be solved. The result is
RmﬂX = Rgeff (32)

which means the load resistance has to be
chosen equal to an effective inner
resistance. A similar result has been found
in [4].

Geometry Optimization

A crucial point in designing TEGs is to
determine the best generator geometry with
respect to available materials and
manufacturing technologies. In this paper
we want to discuss this via an example to
determine the optimal length 1 of a thermo
couple, in order to optimize the generator
for maximal output power. The load is
matched corresponding to equation (30,
32). The electrical contact resistances are
neglected. In addition, we chose
A=A,=A(. By combining equations (24-
25, 29-30) and after maximizing, we get the
following expression for the optimal length

lmax .
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Put P,

(K, +K,)md, (33)

An example calculation is demonstrated in
Figure 2, where we used the values
A=0.25 mm’, m=200, K;=1.0K/W, and
K=10 K/W. The material properties of
Bi,Tes (typical at ambient temperature) are
given in Table 1. The solid line is the exact
solution described in equation (1-3, 16-23),
the dotted line is the simplified model
(equation (29)) with 1™=1.29 mm. The

plus sign line is a first order model, used by
many researchers (e.g. [6], [7]). Latter,
R=R, s used for load matching.

exact model
* simplified model
+ first level model

Power Output [mW]

1 |max 2 3 4
length [mm]

FIGURE 2: Power output vs. thermo couple length.

Material o [pV/K] p [Qm] A [W/mK]
p-BiyTe; 173 9.27E-6 0.963
n-Bi,Te; -209 23.8E-6 0.800

TABLE 1: Thermoelectric properties of Bi,Te; [5].

The observed difference is mainly due to
the influence of Peltier heat. The thermo-
dynamic limit, presented in the next
section, is about Py =175 mW.

Thermodynamic limit

In addition to comparing the efficiency of
a TEG to the thermodynamic limit

AT
.= Th,

a comparison with the physical limit of po-
wer generation is also of great interest. If
the heat energy qn is used in the most
efficient way, the power output is given by:

T,-T,7T,-T,
an=mq/,:—1K h—hT - (35)
h

Equation (35) has to be maximized under
the constraint that the heat energy, which is

coupled out to the heat sink, is given by:
-1,

(34

h

T
Qo = 9. = T (36)
The result is:
P’:M:(Jﬁ—%)(ﬂ— 2 -
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which can be approximated by a Taylor
expansion about AT/T}, resulting in:

L T
AT, (K, +K,)

Note, that in addition to the best possible
efficiency, there is also an optimization

(38)
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corresponding to the temperature difference
Tp-Te.

Measurements and Theory Comparison

To compare the power predicted by the
model, we performed a measurement for
typical TEGs with a size of A=16 cm”. The
TEG data are given in Table 2.

TEG mo [VIK] | K, [K'W] | R, Q] | R[Q]
127-150-9 0.050 2.907 3.4 4
127-150-22 0.055 1.437 1.54 2
199-150-2 0.082 0.641 1.67 2
TABLE 2: TEG data (TEGs and datasheet from
[8D).

The measurements were performed at an
ambient temperature of 24 °C, and the hot
side temperature was varied in the range of
32-50 °C. The heat sink K. was chosen to
be K~6 K/W (small temperature depen-
dence). The results are presented in Figure
(3), which shows, there is a good agreement
between the calculated and the measured

30 . - ;
V2 e 127-150-9 meas.
V2 e 127-150-9 calc.
V4 O 199-150-2 meas.

------ 199-150-2 calc.
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FIGURE 3: Power Output vs. heat source
temperature.

data. The dashed dotted line shows the
thermodynamic limit.

Comparison between different TEGs

The strong influence of the Peltier heat
suggests comparing TEGs under different
heat sink conditions K.. Consequently we
calculate the power output using the sim-
plified model with matched load (equation
(30, 32) as a function of the thermal con-
ductance 1/K.. The results are depicted in
Figure 4. There can be made 2 conclusions:
1 the power output depends strongly on K,
and 2 the curves cross each other. Notice
that the last point is only due to the Peltier
effect, which indicates that according to the

heat sink condition, the thermoelectric
properties have to be tuned properly.
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FIGURE 4: Power Output vs. 1/K,.

This is an essential observation for users, to
be able to choose the most appropriate
generator for their application.

Conclusion

A new model for TEGs was introduced,
and a simplification was performed.
Geometry optimization under matched load
has been investigated and compared with a
first order model. The thermodynamic limit
for power generation was presented and
compared with commercially available
TEGs, which are obviously well below the
theoretical limit. The TEGs are compared
with each other under different heat sink
conditions. The results enable one to choose
the best TEG for a given heat sink.
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