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Abstract
A theorv of efficiencv for microminiature thermoeleclric

generator is suggested. The theon lakes into mnsideration
boundary effects on the characteristic lenglh and nonlinearity
of kinaic coefficients. The system of eqMtions for energy
balance of electons and phonons with electroD-phonon
interaction in limited samples w'as solved by pefturbadon
theory method. The consideration of the nonline€rity of
kinetic coeffcients l€ads to insignificant reduction of the
TEG's effrciency. On the conrrar!', a mimratch betweel
electrons'and phonons' temperatures at the interfac€ is
resulted in increase ofthe efficiency

Intmduction
The microminiarudzation of electronic and photoelecronic

components is the objective tendencv of modem technics.
This trend automaticallJ' leads to the microminiaturis.{ion of
thermoelectric energv converters lhat have to supply power
for such microelectronic components. On the other hand lhe
€ss€ntially novel stnrchres with submicron and nam-
inhomogeneities \vere sulifiested rccentl_v as very effective
thermoelectrics: lhe struc{ures use different kinds of quantum
sup€rlattices. The sizes of such structures ftal arc used as
rn{erials for thermoelectric generators are comparable with
microscopic characteristic lengdx of charge carrien and
phonons. It is obvious that traditional methods of calo ation
of the efrciency- of thermo€lectric generalors should be
reconsidered in dre In researched conditions u,21.

The lhermoelectric theory in microminianre
thermoelectric coolers $ns proposed in [31. The theorv [3]
based on the concept of the mismatch between electrons' and
phonons' temperatures @=7.-7, [1, 2]. Two followed
factors lend to the mismrtch: (a) the nonlinearitv of kinetic
coefficients and (b) effects at interfaces betrveen
semiconductor legs and meral jrmctions.

An ana\tical solution of lhe equation of heat transiport can
not b€ reached e\en in traditional problem formulation (if rle
misltatch berw*een electrons' and phonons' temperan[es is
not considered). Different methods are used for approximate
solutiou of the equadon of heat transpon and for calculation
of the TEG's efficiency (see [2, 1]): the approximation of
al€r:rge pafimreters, dre infinite cascades approach, numerical
calculationg and the assumption of relatively snull c'urrent
terms.

In the present paper rye suggest a theory of e{Iiciencl' for
microminiature thermoelectric €nergy corverter. Tlrc theory
ules inlo consideration the mismatch bet*een electons' and
phonons' temperatures, boundary effects on the characteristic
length and temperature dcpendencc of all kinelic cocfficients.
The principle ofenergr balance's equations is used.

A thermoelectric circuit consisfing Aom homogeneous
isotropic semiconductor plale (for definiteness of n-twe) bv

the length lo and the resistance R..(index s) closed on the
metal loading R- (index m) is examined. The one{imensional
Foblem is im€stigated (Fig.1).

Fig. 1. Electric circuit

Method of solution
Thermoelec{rics as a nrle have high carriers' concenftatiol

therefore the ap'pmach of electrons' (or holes') and phonons'
temperahres can be used in the theon [1]. Thus the follou'ing
equations for elec{rons and phonons heat flow d€nsities 4..e

and for the densitv of current y' can be introduced [2]:

4 , = _ K , t T , t v T , + n Q t j .  ( t )

4" = -r n(To)"T,, . (2)

j =oQ)E - o(r,)a(r,)vT,, (3)

where o(7,), a(7,), K(7.\, E(7,)=T,a(7,) are the
coefficients of electric conductivit-v- thermo-€mf. heal
conductivitv of electrons and Peltier coefficient- t(Tp) -

coefficient of phonons heat conductivity, E =-v6, O -

electrochemical potential, 4" - electrons' and phonons'
temperatues.

Thus the eqMtions of energy balance of eleclrons' and
phonons' are the main equations of the problem. The
tempemtures and &e elecfochemical poreftial arc changing
on.ly along the x- axis (Fig.t). ln this case the enerry balance
determines by the equations [2] :
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rvhere the.frmction r ! p<i", i; is responslbte on elecuons-



phonom inleraction . rr(r"\ = a1L "l!9$) - the Thomson
a[.

coefficient.

of continuity for electric current

"s)*"TE -o()a<r,)4!=

d@(r)a(I ))(dr")1= -  - l  . - r
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The typical for thdmoelectric gcnerator heal boundary
conditions have the form (Fi8. I )
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The Kirchhoff equation realizes the electrical boundarv
condition:

J \RstT" \+ R. t+ Id /T" \Z c tx=0 (8)

rvhere R,fQ, and R- - electric conductivitv of a
semiconductor's thermoelectric and a melal. J - the electric
curlcnt.

L€t us use thc p€rturbalion me{hod [l, 2] for solution ofthe
system of equations (4)-(6) at the boundary conditions (7), (8)
*ith the small paranreter I:
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We can decompose the lemperatures. and each kinetic
coefficient K in (4)-(6) by the p.lruneter 1:

The eqrntions (4) and (5) should be added bv the equation efficiency rvill hare the form

q<?) 1a1+ qto) 1a1+ ... (  l4)
q "  l a l + q ' ) ' l a l + q ' ' ' ( a ) + q  

t  ( o )  + . .

If \ve leave only the terms 4(t)(a) and q(t)(o) in (14) the
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. This one is the tell-knorm loffe formula ['11.(o' 
Lel us leave lhe terms including fo)tal in I l'1-). with the

e\actitude of the s€cond order on parameter y (y' << 1) ue

(15)

the indexes in bracket numbers lhe order on the parameter 7.
As a result the deNities of heat flow (l)-(2) and the density

of electric curent (3) can be *ritten in the form
j= j ( t )  +  j (2)  +/ ( ' )+. . . ,  q . .o=ql ' . )+q! : )+qt ; }+. . . .  .  < tZ l
Then the equations (4)-(6) arc break up into unlimitcd set

of linear differential equations of different orders on the
paftmeter 1. A method of solution of the sysiem of equation
can be found in [21.

k1 us sepalate trxo ldnds of effects that inlluenc€ on the
magnitude of TEG' s effioenc-v. The e:ffecls connect with the
volume ' s and the interface' s mismatches betwe€n electrols'
and phonons' temperanues.

Eficiemy, volume tempenfures' mismatch
The efrcienqv of a TEG can bv determrned bv 1]rc formula

(  l3)

Takins into consideralion the eouatioD (12) and the
condition-s q'b'(o)'- - q'"'(-nJ. ,lu'"\i) = q'hr)Go) Oecause
q"' - f' ) we can transform (13) into

can oblain for the efficienc;
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R.  fR-  bK A

mean the averaging of a kinetic coeflicient tr . the pdme mean
the derivative:
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The expr€ssion (17) for the efficiencv includes onlv the
terms with the firsl order on parameter y when (16) inchdes
the rerms of the first and trc second orders.

The correcl formula for the efficicncl' (16) can be present

where
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The parameter k corresponds to the in\'ers€ of cooling

length [2f :t ' =1, Q 
t =r-,'+F,'). For estimation we can

7
,  K  v , . v

obhin i -+-+- $here v,., - tlte ar erage electrorls'
K - y;

sc:rtlerin8 fuquencv of energy :rnd of momentum. i - lhe

heat velocity of electrons.
The efficiencV (17) takes into account tempeftfiure

depcndences of all kinctic coefficients. Moreover it includcs
information about trc mismatch b€tween eleclrom' and
phonons' temperatues; a value of the parameter S depends on
the misnafch.

l€t us study two differcnt cases:

L TEG with bulk lees: &'o'� >> max{l. 3r-, /3xi. ) .

In this sitrilion we ha\e
- t  - l

-S_ 
t .  t t ,  

f  * *u lL77*ar . t j7*
E q

It is possible to show that such value (20) is the same as
lalue that gives the one-temperahne theory (the theort that
does not take into consideration mismatch be$€en electrons'
and phorrons' temperatures). l,et us underline that fornula
(20) gi\€s the possibiliq' of conect accounl of the nonlinearit'
(lemperafire dependences of all kinetic coefhcients). Fig.2
presenls efficiencv as filnction of panmet€r 1 for a \?icsl
thermoelectric based on Bi:Te:. The cuwes cor€spond to
Ioffe formula (15) ald to foflnula (19) with the porameter,S

(20). The relative changing of the efficiencl 4r-4 u1*
n'

presented ai Fig.2. We see lhal in an-y case correcl account of
the nonlinearit-v leads to reduction of the efficienc'-"1'. We can
show that this conclusion valid for anv thermoelectric rrith
real kinetic coeffi cients.
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Fig.2. Calanlated efficienc.v (curve 2). Ioffe efficienc-v

(qrrve l) and the relative changing of tlrc efficiency 1-1
n,

(crrve 3) as functions of ̂ /

2. TEG with limited legs. lrt us examine two following
cases:
2.1.  ka <<1

We hare fron ( 1 9) in this case

S=:1/ *+yal y+i- l. where L is l,6rentz nurnber.
i  L \  d l

3r^
2.2.  |<<k 'a '<<- : -

K"

It can be receiled in these coodilions:
/ - _ \

Jri_ I  r_ t_
S =  

" ' , o . | -  - - L 7  * + V : L Z T + a . 2 2 7  ' .  I
r , k ' a ' \  r ,  A  )

We can see lt|at in both cases the nain terms in the
erpression for efficiency (18) contail the palameter S. l1 can
be proved tlrar the effrcienc) will ilcrease in TEGs with
limited legs due to bo ndaq' effects if the inequatry

]7 * > I tales place. Thus. iI tbe case of lfu)Uted legs the
K l

additive to efficiency will has the sign "plus" if el€ctronic heat
conductiviry quickiy cnough increase wi r the temperatue.
But increasing of tlrc rclative changing of the elliciency

n-
the efficiency of a TEG with bulk legs).

Fig.3. Misnulch betF€en elecuons' and phonons'
rcmperatures in the body of a sample

The character of the misnurch be&e€n electrons' al]d
phonons' temperatures in the body of a sample illustrales
Fig.3. tet us underline tha the volume misnratch @=T. -T,

is proportional to t'.

Efrlciency, boundary temperatur€s' mismatch
The boundry conditions (7) do not take into consideration

the mismalch between electrons' and phonons' temperdttrres
a1 contacts Mween l€gs and metal junctions! we can rDt
neglect such mismalch in limiled samples (if ,ta < i) [21. The
conditions (7) can be used cnnfi dently only if f4':' : l.

I,et rs consider one of legs of semiconductor TEG (index
s) rhat is limited by metal jrrnctions (index m). One can
neglect temperanrre dependences of kinetic coefficients in

(20)

t 1

0,40,?



conditions fra i 1. so let us be limited onlv to the fiIs1 order on
1. The boundary condition at the interface t now can be
rvritte.n as

I

( dr" .., .\l' / ttr^ - \"
l - K . - + a t . J  l l  - l - r , - ; t a t . J l l  .
\ .r,r ,1" \ (lY 1]i,

On extemal borden of the leg the tefiperatures of hot 4
and cold 7j melal contacts u$olly are cusidered:
r l .= " ,  =7,, Tl_"* =Tr.

The srstem of equations for energy balance of electrons
and phonons in semiconductor leg and metal junctions at
abol€ boundary conditions sas solved in onedimension case.
The solution has a complicated fonq and it is not presented
here.

From the analysis of the solution it is possible to be
con'r'inced tlat the thenmelectric cur€nt ahrats reduces tle
misnutch of quasi-particles temperanues. The order of the
mism.rtch is

o - T, -7,
*  2 k a

The relatire changing of the efficiencv in comparison with
the efficiencv that was calculated in one-tefiperahre
approxirnation nr (if the effect of temperatues mifiBtch is
not take into account) is

-  !  \ 2
r y  _ i l + " , , p  

r r -  l : - ) - i

?,  I  Kh Tt-T,  )
It can be proved that ir any case O^ - O- > 0. Therefore

the misnutch in all cases resuls in increase of the efficienq.
Let's emplusize. that relati\€ increase of efficienct l,ill be
more appreciable at enough lo\y temperat[res as dor.ntum of
temperature u$nlly causes reduction ofk.

Fig.s illusrrates the character of the mismatcft between
electrons' and phonons' temperdtures in the interfice. Ve[,
impona thal the interface mismatch is !'ropo(ional to y.
According to our assumption (9) tle interface's misrmtch is
morc majorlv thall the Yolume's mismntcll Therefor€ in
limited samples (t4 < l) the interface's misnatch supprcss the
volume's misnarcl\ thcn in limited samples the mismatch in
all cases leads to increase ofthe efficrencv-

Fig.4. Mismatch behveen elecfons' and ohonons'
temperatures at the interfac€ t

Conclusions
Two kinds of effects inJlnence on the rna€nltude of a TEG'S

efficiencv:
A. Volum€ effeca
This ope of e{Iects resulrs in additive to the tradilional

TEG's efliciency proponional 10 the square of parameter.y 1t',).
l. Temperaturc dependence of kinetic coefficients of a
Uremroelectric leads to the mismatch beofeen eleat(ons'and
phonons' temperaores ir the body of legs. In real
thermoelectrics lhe electmm' te[perature exceeds the phonons'
temperahrre: @ =7" -7,, >O.

2. The correct account of the nonlinearity of kinetic
co€fficienls leads to reduction of the TEG's efficiency in any

real case. The relative changing of the efrcien"y aj2 du" to
'lt

temperature depeodence of kinetic coefficients can exceed l0
perpents.
3. In thc limited legs fta < I lhc effciency will increasc if

t ,

dle mequaliD =7*>l ukes place (electrodc heal
K"

conductivity quickly enough increase with the temperaturc)

Increasing of the relali\e changing ofthe.16.i.n"t -?:&
n."

for rypical cases does nol exce€d a little percents (?.- the
efrcicncy of a TEG with bulk legs)

B. lnterfacc effects
This t}?c of cffccts rcsuh-s in additivc to thc cfRcicnc].

proportional to the pararneter 1.

l. The order of the interface's mismatch is Cl-" = 4 - 4 .' ' ' 2k ̂a
2. The interface's mismalch in all cases leads lo increas€ of
the TEG'S efEciencv. The incr€asing strongty depends on a
lhickness ofa sample- and starts to be noticrable if the thickness
becomes commensurable with the cooling lengti of the material.
3. The relative increase of efficiency will be more appreciable
at enough low temperatures.
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